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This techincal report contains the full versions of all sketched or omitted proofs of our HSDIP 2024 paper ‘“Merge-and-Shrink
for Stochastic Shortest-Path Problems with Pruning Transformations”. We follow the same notation as originally introduced in
the paper.

For the proofs below, recall again the definition of the transformed policy 7, s as given in the paper:

Definition 1. Letr (0,0’ 0, \) be a transformation, let ™ be a policy for © and let s € Sg be some starting state. The
transformed policy . s of w for s is defined by

rg[U(h,t)eind;l(h’)xind;l(t’) Cyl(ht)]
Prg[Uhemd;l(h/) Cyl(h)]

P
ms (W) =Pl ) oty | ouin)] =
he€indZ(h") he€ind*(h')
t€ind 1 (t')

if Pr(Uneina=1(nry Cyl(R)] > 0, and w7 s(R')(t') := 0 otherwise.
Proof of Lemma 1

Recall the statement made by Lemma 1.

Lemma 1. Let 7 = (0,00, \) be a transformation, let 7 be a policy and let s € Sg be a starting state with s € dom(o).
For every abstract history h' € Hist(©'):

Prlos[Cyl(h')] = Pry [(

a7 1] = P [ind; ()] + Prz [

Cyl(h)] (1)
Cyl(ht)] 2)

heind =1 (k')

(h,)€ind=1 (W) x (To\ind='(Te/))
Proof. Let h' = s(t|, ... s!, in the following.

Proof of Equation (1) First, we show Equation (1). By definition of the probability measure, we have
n—1
PrT7 (Cyl(sity )] = [sh = ')+ [ Trs(sith - 1K) - 8o (5.
i=0

If Prl [Uhemdfl(sét,m‘s,‘) Cyl(h)] = 0 for some prefix s(tj...s; of ', then the right hand side of Equation (1) is
Prl [Uhemdﬂ(h,) Cyl(h)] = 0 and the equation above has a factor 7, 4(st)...s;) = 0 and thus also evaluates to zero.

Otherwise we apply the definition of 7, ; and exploit countable additivity of the probability measure to obtain:
T 2 (htyeind=t (syt s xind =1 () ETS [CYL(AE)] - 0¢ (574 1)
i=0 PrilUneimd=1(syt...s1) Cyl(h)]

In the next step, we use the fact that Pr7T[Cyl(ht)] = PrT[Cyl(h)] - w(h)(t), and exploit that t € ind; ' (}) in the sum, from
which it follows that 6 = opist(0¢)-

ol Z(h,wemd;l(sg)tgms;)xmd;l(t;) Pri[Cyl(h)] - m(h)(t) - opist(6)(8741)

...:[56:5']~H

i=0 Prg[Uhemd;l(sgt()...s;) Cyl(h)]

—1

o= sp =5




We now apply the definition of op;y, leading to:
N Y yeind= (sh .50y xind=2 () TS [CYIR)] - w(R)(8) - 2o sep1(sr ) Oe(5)

PE— [S/ = 3/] . =
’ 21;!) PI‘S [Uheind:l(sg%...sg) Cyl(h)]
s = o] ﬁ 2 (htsyeind= (spth...s])xind= () xo—1(s!, ) DT [CYL(P)] - w(R)(E) - d¢(s)
’ i—0 PrilUncind=1(sy1...s7) Cul(h)]
Finally, we make use of the fact Pr} [Cyl(h)] - w(h)(t) - §¢(s) = Prl [Cyl(hts)] and simplify:
_ [S/ _ S/] ) Tﬁ Z(h,t,s)eind:l(s{)t{,...s;)xind;l(t;)Xg—l(s;+l) Prf[Cyl(hts)]
" i=0 PrilUneinaz1 (syt...50) Cyl(R)]

= s ﬁ 2heind=1(spt..51 0., ) L5 [CYL(R)]
o PrslUnemazr(spu...sp Cul(h)]
B ﬁ Prg}Pheﬂd;l(sg)tg)...sgﬂ) Cyl(h)]
o PrélUnecina=1(syt...s) Cul(h)]

This is a telescoping product, in which every numerator cancels with the following denominator, and only the final numerator
for 7 = n — 1 remains. Note in particular that [s5 = s'] = Pri[U; c-1(s;) C¥l(s0)]- Therefore:

=P ouin)]

heind=t(h)

This concludes the proof of Equation (1).

Proof of Equation (2) Before we show Equation (2), note that by definition of 7, s and Equation (1):

Pr7S [Cyl(W'Y)] = P75 [Cyl (W) - mrs (W) (¢) = P [  Cul(h)] 3)

To prove Equation (2), we first express the event {h’} as the event of all executions with prefix h’, without those which continue
with some transition:

Pr7 0] = P (Ol \ (| Coln'e)]
veTgr

= Proo[Cyl(h)] = Pryrs [ | Cul(n'd)]
VeTg:

(h,t)€ind 1 (h') xind - (t/

Next, we apply Equation (1) and Equation (3), and simplify.

=Pl J  owm-pel[ Y U Cyl(ht)]

h€ind -1 (h') teTgr (h,t)€ind 1 (') xind (')
=pl[ J oum-mI[ U U o)
heind;1(h') teind; 1 (Tes) h€ind (')
=P U oumw\( U U cuih)]
h€ind 1 (h') teind; 1 (Tgs) h€ind 1 (h')

The event above considers all executions with a prefix h € ind; ' (h’), excluding those continuing with an induced transition

t € ind_"(Te). In other words, we consider exactly terminating executions h € ind, ! (h'), and the executions that start with
R . . .. el .. . R

aprefix h € ind_ (k') and then continue with a transition t ¢ ind_ " (To/). Rewriting the event accordingly:

=Pl [ind (YW ( | Cyi(h)]
heindt(h')
tgind- N (Tgr)

=Prl[ind (W] + P [ Oul(a)]
he€ind* (h')
t¢ind; (Ter)

This shows the claim. O



Proof of Proposition 1
Proposition 1 made the following statement.

Proposition 1. Ler 7 = (0,0’,0,\) € CONSy,y and let 7 be a policy. For all states s € Se with Reachg . (s) C dom(o)
and every set of target states T C Sg:

(i) Reachg . (o(s)) = o(Reachg ,(s)) and

(ii) If m € Solse (s, T), then ;5 € Solsgr(a(s),a(T)).

Proof. To show claim (i), recall Equation (1):

Prlos [Cyl(R)] = Pl [ Cyl(h)]

he€ind =1 (k')

The inclusion Reachg . (0(s)) € o(Reachg .(s)) holds without any assumptions, since by this equation, PIZES [Cyl(h")] >
0 for some history h’ € Hist(©’) implies that there is a concrete history i € ind; * (k') with Pr7[Cyl(h)] > 0, and we have
last(h') = o(last(h)) in particular.

For the other direction, acknowledge that under the assumptions Reachg ,(s) C dom (o) and 7 € CONSL, every possible
history h € Hist(©) with Pr7[Cyl(h)] > 0 induces an abstract history, i.e., h € dom(ind,). With 7 € CONSt we even
have ind(h) € Hist(©'). Therefore, 0 < Pri[Cyl(h)] < P17 [Upeina=t (nd, nyy CYl(R)] = Pr75[Cyl(ind-(h))] and in
particular, o (last(h)) = last(ind(h)).

For the claim (ii), consider Equation (2) for a history h’ € Finishe:(o(T')). In the event of the right summand, since
t ¢ ind_*(Tes), we also have htu ¢ ind, *(Hist(©')) and in particular Pr7[Cyl ghtu)] = 0 by contraposition of the argument
above. Hence, the right summand vanishes and we obtain Pr:E’;) [A'] = Pr} [ind~ (R')]. Concludingly:

Pr] [ [Finishe: (o(T))] = Prl[ind;” (Finisher (o(T)))]
> Pr; [Finishe (T)] = 1.

Note here that Finishe(T) C ind;*(Finishe/ (c(T))) if we only consider possible histories h € Finishe(T), as then
h € dom(ind,) and ind,(h) € Finishe: (o(T)). O



